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There is one integral which needs to be evaluated in order to get the analytical expression for the lesser
self-energy. Here we write t instead of t− t′ for brevity.

I< =

∫ ∞
−∞

dε f(ε− µ)e−iεt =

∫ ∞
−∞

dε
1

1 + eβ(ε−µ)
e−iεt =

∫ ∞
−∞

dε
1

1 + eβ(ε−µ)
e−iεteηε

Close contour in lower half plane since t < 0, write t̃ = t+ iη. The poles are at β(εn − µ) = −iπ − 2πin
with n ∈ Z. If one has a finite hopping in the leads you get roughly tRβ/π poles, since the integral has
bounds ±2tR and β makes the poles denser. This means that the sum below has a finite amount of terms
and can therefore be well approximated by a finite amount of exponentials.

I< = −2πi
∞∑
n=0

e−iεnt̃Res
[

1

1 + eβ(εn−µ)

]
= 2πi/β

∞∑
n=0

e−(π+iµβ+2πn)t̃/β

= 2πi/βe−πt̃/β−iµt̃
∞∑
n=0

e−2πnt̃/β = 2πi/βe−πt̃/β−iµt̃
1

1− e−2πt̃/β
= e−iµt̃

iπ/β

sinh
(
πt̃/β

)

Res
[

1

1 + eβ(εn−µ)

]
= lim

ε→i/β(π+2πn)+µ

(ε− (π + 2πn)i/β + µ)

1 + eβ(ε−µ)
= lim

ε→i/β(π+2πn)

(ε− (π + 2πn)i/β)

1 + eβε

= lim
x→0

i/βx

1 + ei(x+π)
= lim

x→0

i/βx

1− (1 + (ix) +O((ix)2))
= −1/β

To generalize this result we consider the behavior for t close to 0.

e−iµt̃
iπ/β

sinh
(
πt̃/β

) = e−iµt̃
iπ/β

πt̃/β +O
(
(πt̃/β)2

) → P{ie−iµt
t

}
+ πδ(t) (S1)

Hence

I< = P
{
e−iµt

iπ/β

sinh(πt/β)

}
+ πδ(t)

Since this is an integral coming from the lesser self-energy it is multiplied by θ(t), which means that in
total we have:

P
{
e−iµt

iπ/β

sinh(πt/β)

}
+ δ(t)π/2

This result has been obtained earlier in [Phys. Rev. B 95, 165440 (2017)].The low temperature limit is:

P
{
ie−iµt

t

}
+ δ(t)π/2 when β →∞
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∫ ∞
−∞

dε θ(t)e−iεt =

∫ ∞
−∞

dε

(
− 1

2πi

∫ ∞
−∞

dε′
1

ε′ + iη

)
e−iε

′te−iεt = − 1

2πi

∫ ∞
−∞

dε

∫ ∞
−∞

dε′ e−iεt
1

ε′ + iη
e−iε

′t

= − 1

2πi

∫ ∞
−∞

dε

(
−iπe−iεt + P

∫ ∞
−∞

dε′
(

1

ε′

)
e−i(ε

′+ε)t

)
=

1

2

∫ ∞
−∞

dεeiεt − 1

2πi

∫ ∞
−∞

dεP
{∫ ∞
−∞

dx
e−ixt

x− ε

}
= πδ(t)

The second integral is the Hilbert transform e−ixt in x, if t 6= 0 then the Hilbert transform is isgn(t)e−iεt

which gives ∼ δ(t) when integrated with ε and therefore it is zero. If t = 0 we have the Hilbert transform
of a constant, hence it’s again zero.
The WBL matrix is given by

[Γα]σσ
′

ij = γδαcixδαcjx
δαsσ′δαsσ

π

∑
ky

4

Ny + 1
sin

(
πkyiy
Ny + 1

)
× sin

(
πkyjy
Ny + 1

)
(S2)

The alpha label contains spin αs =↑, ↓ and coordinate αc = 1, N indices. N is the rightmost site.
In the main text it is claimed that the following integral gives a time-linear evolution:∫ t

t0

dt̄
∑
α

e−i
∫ t̄
t Vα(t̃)dt̃Λα(t− t̄)s(t)s(t̄)G0(t− t̄) (S3)

= s(t)
∑
α

∫ t

t0

dt̄e−i
∫ t̄
t Vα(t̃)dt̃Λα(t− t̄)s(t̄)G0(t− t̄) = s(t)

∑
α

Iα(t) (S4)

Iα(t) =

∫ τ

t0

dt̄e−i
∫ t̄
t Vα(t̃)dt̃Λα(t− t̄)s(t̄)G0(t− t̄) +

∫ t

τ
dt̄e−i

∫ t̄
t Vα(t̃)dt̃Λα(t− t̄)s(t̄)G0(t− t̄) (S5)

=

∫ τ

t0

dt̄e−iVα(t−t̄)Λα(t− t̄) sin(πt̄/2τ)2G0(t− t̄) +

∫ t

τ
dt̄e−iVα(t−t̄)Λα(t− t̄)G0(t− t̄) (S6)

= Iα,1(t) + Iα,2(t) (S7)

Iα,1 =

∫ τ

t0

dt̄e−iVα(t−t̄)Λα(t− t̄)
(

1

2
− 1

4
e−iπt̄/τ − 1

4
eiπt̄/τ

)
G0(t− t̄) =

1

2
I0
α,1 −

1

4
I+
α,1 −

1

4
I−α,1 (S8)
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α,1(t+ ∆) =

∫ τ

t0

dt̄e−iVα(t+∆−t̄)Λα(t+ ∆− t̄)eiΩπt̄/τG0(t+ ∆− t̄) (S9)

=

∫ τ−∆

t0−∆
dye−iVα(t−y)Λα(t− y)eiΩπ(y+∆)/τG0(t− y) (S10)

=

(∫ t0

t0−∆
+

∫ τ

t0

−
∫ τ

τ−∆

)
dy e−iVα(t−y)Λα(t− y)eiΩπ(y+∆)/τG0(t− y) (S11)

= eiΩ∆/τIΩ
α,1(t) +

(∫ t0

t0−∆
−
∫ τ

τ−∆

)
dy e−iVα(t−y)Λα(t− y)eiΩπ(y+∆)/τG0(t− y) (S12)

≈ eiΩ∆/τIΩ
α,1(t) +

∆

2

[
e−iVα(t−t0+∆)Λα(t− t0 + ∆)eiΩπ(t0)/τG0(t− t0 + ∆) (S13)

+ e−iVα(t−t0)Λα(t− t0)eiΩπ(t0+∆)/τG0(t− t0)

]
(S14)

− ∆

2

[
e−iVα(t−τ+∆)Λα(t− τ + ∆)eiΩπ(τ)/τG0(t− τ + ∆)) (S15)

+ e−iVα(t−τ)Λα(t− τ)eiΩπ(∆+τ)/τG0(t− τ)

]
(S16)

So we need to evolve two GF:s, G0(t − t0) and G0(t − τ). The second one is only needed when t > τ ,
since before then this integral is up to t+ ∆ and the change of variables on gives one new interval instead
of two.

Iα,2(t+ ∆) =

∫ t+∆

τ
dt̄e−iVα(t+∆−t̄)Λα(t+ ∆− t̄)G0(t+ ∆− t̄) (S17)

=

∫ t

τ−∆
dye−iVα(t−y)Λα(t− y)G0(t− y) (S18)

= Iα,2(t) +

∫ τ

τ−∆
dye−iVα(t−y)Λα(t− y)G0(t− y) (S19)

≈ Iα,2(t) +
∆

2

[
e−iVα(t−τ+∆)Λα(t− τ + ∆)G0(t− τ + ∆) (S20)

+ e−iVα(t−τ)Λα(t− τ)G0(t− τ)

]
(S21)

This integral requires the GF G0(t− τ) which we are already computing.
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